We prove that every planar graph in which no i-cycle is adjacent to a j-cycle whenever 3 ≤ i ≤ j ≤ 7 is 3-colorable and pose some related problems on the 3-colorability of planar graphs.
The model of non-adjacencies can be made more precise. Define a function f on the edges of G A by putting:
• f (ij) = −1 if the cycles of lengths i and j should not be adjacent in G,
• f (ij) = 0 if the cycles of lengths i and j should not be intersecting in G,
• f (ij) = k if the distance between cycles of lengths i and j in G should be greater than k (the distance between two cycles C 1 and C 2 is defined as the length of a shortest path between two vertices of C 1 and C 2 ).
Montassier, Raspaud, Wang and Wang [17] suggested a relaxation of Havel's problem and proved 3, 4, 5, and 6 are at distance at least 3 from each other is 3-colorable. 3, 4, and 5 are at distance at least 4 from each other is 3-colorable.
Theorem 2 1. Every planar graph in which the cycles of length

Every planar graph in which the cycles of length
Note that the graphs studied in Theorem 2 respect the graphs of non-adjacencies depicted by Figure 2 . We conclude with some specific problems; see Figure 3 .
Problem 2 Let G be a planar graph respecting G (A) depicted by Figure 3 . Let f 0 be an i-face with 3 ≤ i ≤ 11. Prove that every proper 3-coloring of G[V (f 0 )] can be extended to the whole graph.
The result on planar graphs respecting G (C) would imply Steinberg's Conjecture. The problem on planar graphs respecting G (D) is the Novosibirsk 3-Color Conjecture. Finally, the problem on planar graphs respecting G (E) for any finite k would provide the answer to Havel's Problem. The first attempt could be to study planar graphs respecting G (B) or subgraphs of G A in Figure 1 .
Proof of Theorem 1
Our proof is based on the following coloring extension lemma: It is easy to see that Lemma 1 implies Theorem 1. Indeed, let G be a minimal counterexample to Theorem 1; clearly, G is connected. If G contains a triangle C 3 , we fix the colors of the vertices of C 3 and apply Lemma 1 to G \ int(C 3 ) and to G \ out(C 3 ). If G does not contain triangles, then G is 3-colorable by Grötzsch's Theorem [15] .
So, it suffices to prove Lemma 1. Note that our proof of Lemma 1 is built on the following result by Borodin, Glebov, Raspaud, and Salavatipour [10] :
Theorem 3 Every proper 3-coloring of the vertices of any face of length 8 to 11 in a connected planar graph without cycles of length 4 to 7 can be extended to a proper 3-coloring of the whole graph.
Let G = (V (G), E(G), F (G)) be a plane graph, where V (G), E(G) and F (G) denote the sets of vertices, edges and faces of G, respectively. The neighbour set and the degree of a vertex v are denoted by N (v) and d(v), respectively. Let f be a face of G. We use b(f ), V (f ) to denote the boundary of f , the set of vertices on b(f ), respectively. A k-vertex (resp. ≥ k-vertex, ≤ k-vertex) is a vertex of degree k (resp. ≥ k, ≤ k). The same notation is used for faces and cycles: k-face, ≥ k-face, ≤ k-faces are faces of length k, ≥ k, ≤ k. Let C be a cycle of G. By int(C) and ext(C) denote the sets of vertices located inside and outside C, respectively. C is said to be a separating cycle if both int(C) = ∅ and ext(C) = ∅. Let c i (G) be the number of cycles of length i in G. Let C be a cycle of G, and let u and v be two vertices on C. We use C[u, v] to denote the path of C clockwisely from u to v , and let
By G denote the set of plane graphs that respects G A depicted in Figure 1 .
Assume that G is a counterexample to Lemma 1 with: Without loss of generality, assume that the unbounded face f 0 is an i-face with 3 ≤ i ≤ 11 such that a 3-coloring φ of G[V (f 0 )] cannot be extended to G. Let C 0 = b(f 0 ). All face different from f 0 are called internal.
Claim 1 G is 2-connected; hence, the boundary of every face is a cycle.
Proof
Observe first that, by the minimality of G, there is no cut-vertex in V (f 0 ). Now assume that B is a pendant block with the cut-vertex v ∈ V (G) \ V (f 0 ). We first extend φ to G \ (B \ v), then we color B with 3 colors by the minimality of G or Grötzsch's Theorem, permute the colors if necessary, and finally get an extension of φ to G.
2
Let v be a ≤ 2-vertex with v ∈ int(C 0 ). We can first extend φ to G \ v and then color v. 2 Claim 3 G contains no separating k-cycles with 3 ≤ k ≤ 11.
Let C be a separating cycle of length from 3 to 11. By the minimality of G, we can extend φ to G \ int(C). Then we extend the 3-coloring of G[V (C)] to G \ out(C) using the minimality of G. 2
Claim 4 G[V (f 0 )] is a chordless cycle.
Proof
Let uv be a chord of C 0 . Then by the minimality of G, we can extend φ to G \ uv and so to G. 2
Claim 5 |f 0 | = 4, 5, 6, 7.
Let G ′ be the graph obtained from G by adding 8 − k 2-vertices on the edge x 1 x 2 . Then observe that c(G ′ ) < c(G) and G ′ ∈ G. By choosing some good colors to the added vertices, we can extend the coloring of the outer face of G ′ to the whole graph G ′ by the minimality of G. This yields a proper 3-coloring of G, a contradiction. 2
Now we show that G contains no internal k-faces with 4 ≤ k ≤ 7. Due to Claim 3 and the cycles adjacencies conditions, every k-cycle with 4 ≤ k ≤ 7 bounds a face. This will show that G contains no k-cycles with 4 ≤ k ≤ 7. Finally, Theorem 3 will complete the proof of Lemma 1.
Claim 6 G contains no internal 7-faces.
Proof
Let f = x 1 x 2 x 3 x 4 x 5 x 6 x 7 be an internal 7-face and C f = b(f ).
Observation 1 Let u, v two vertices of V (f ). Let P u,v be a path linking u and v such that
. Let P v,u be a path linking u and v such that Figure 4) . It may happen that P u,v or/and P v,u does not exist.
By the cycles adjacencies conditions or by Claim 3, we are sure that:
• In Case (1) depicted by Figure 4 , the path P u,v (resp. P v,u ) has at least 8 vertices (resp. 8 vertices) since there is no 7-cycle adjacent to ≤ 7-cycles.
• In Case (2) depicted by Figure 4 , the path P u,v (resp. P v,u ) has at least 8 vertices (resp. 11 vertices) since otherwise
• In Case (3) depicted by Figure 4 , the path P u,v (resp. P v,u ) has at least 9 vertices (resp. 10 vertices) since otherwise
Figure 4: The paths P u,v and P v,u .
Figure 5: The identification of x 1 with x 4 .
Let G ′ be the graph obtained from G by identifying x 1 with x 4 , see Figure 5 . We will show that this identification does not create ≤ 7-cycles, except C f ′ = x 1 x 5 x 6 x 7 and C f ′′ = x 1 x 2 x 3 , which are a 4-cycle and a 3-cycle, respectively.
Suppose to the contrary that C * is a ≤ 7-cycle in G ′ created by the identification of x 1 and x 4 in G, different from C f ′ and C f ′′ .
By l(x, y) denote the distance between the vertices x and y in (V (G), E(G) \ {x 1 x 2 , x 2 x 3 , x 3 x 4 , x 4 x 5 , x 5 x 6 , x 6 x 7 , x 7 x 1 }). The cycle C * must go through at least two vertices of x 1 , . . . , x 7 (otherwise, its length cannot decrease by the identification). By Observation 1, the following table gives the length of C * going through the vertices x and y of C f :
x, y ∈ C f l(x, y) |CSince C 0 has no chord and |f 0 | = 7, it follows that |C 0 ∩ C f | ≤ 5 by the previous observation. Consider the case |C 0 ∩ C f | = 5; now C 0 ∩ C f is a set of consecutive vertices on C 0 . Assume that C 0 ∩ C f = {x 1 , x 4 , x 5 , x 6 , x 7 }; then C 0 [x 1 , x 4 ] ∪ x 1 x 2 x 3 x 4 is a separating ≤ 11-cycle, a contradiction. Now consider the case |C 0 ∩ C f | = 4. Again, C 0 ∩ C f is a set of consecutive vertices on C 0 . Assume that C 0 ∩ C f = {x 1 , x 2 , x 6 , x 7 }; then by the cycles adjacencies conditions, x 4 has no neighbor on C 0 . Hence |N (x 1 ) ∩ C 0 | + |N (x 4 ) ∩ C 0 | ≤ 2.
So we can choose x 1 and x 4 such that φ is not damaged. Finally, observe that c(G ′ ) = c(G) and σ(G ′ ) < σ(G). Hence, using the minimality of G, we can extend φ to the whole graph G ′ and so to G.
2 Claim 7 G contains no internal k-faces, with 4 ≤ k ≤ 6.
The proof of Claim 7 is similar to that of Claim 6 but easier and is left to the reader.
This completes the proof of Theorem 1.
